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Integer Programming (I1P)

w In many practical applications, the decision variables
need to take integer values instead of continuous.

w If weremove the assumption of divisibilitfrom an
_P, we get aIP.

w If only some variables are integer, the problem is
Mixed Integer ProgrammingMIP), otherwise it is a
pure IP,

w Wyndor Glass Co. Example would be a pure IP
problem if x and X% represented the total number of
products produced instead of production rates.
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Integer Programming (I1P)

w If there is a yes/no decision for a variable (only two
choices), the variable iskanary variableor a G1
variable.

l if decision j is yes
Xj = e a e
0 if decision j is no.

w An IP problem with only binary variables isiaary
iInteger programming (BIRroblem.



Prototype Example

w CALIFORNIA MANUFACTURING Co. is considering to build
new factory in Los Angeles or San Francisco, or both

w It is also considering to buillt most one warehouse in the
same city as the factory

w Objective: Find a combination of alternatives with the given
budget that maximizes the total net present value.

TAELE 12.1 Data for the California Manufacturing Co. example

Decision Yes-or-No Decision Met Present Capital
Number Question Variable Value Required
] Build factory in Los Angeles? X $9 million $6 million
. Build factory in 5an Francisco? X3 55 million $3 million
3 Build warehouse in Los Angeles? X3 56 million $5 million
4 Build warehouse in 5an Francisco? g 54 million %2 million

Capital available: $10 million




Prototype Example

w The company wants at most one warehousex; and x are
mutually exclusive alternatives(Only one can be yes)

w The company will have a warehouse where a factory is
presentA x; and x arecontingent decisions(Their answer
gAff RSLISYR 2y 20KSNJ O NAI 6

TAELE 12.1 Data for the California Manufacturing Co. example

Decision Yes-or-No Decision Net Present Capital
Number Question Variable Value Required
1 Build factory in Los Angeles? X £9 million $6 million
. Build factory in 5an Francisco? X3 £5 million $3 million
3 Build warehouse in Los Angeles? X3 56 million %3 million
4 Build warehouse in 5an Francisco? g 54 million £2 million

Capital available: %10 million




Prototype Example
w All variables are binary:

x; = {I if decision j is yes, (j=1.2.3.4)

0 if decision j is no,

Maximize L =01 + 5x + Gx3 + dxy,

subject to
6x; +3x 4+ 533+ 2x3 = 10
X+ o= 1
— 4 + X3 = 0
— X + 13 = 0 —

u = 1 forj= 1, 2.3, 4. o
i = 0 forj=1,23,4. | X; is binary,
x; is integer, forj=1, 2,3, 4. forj=1.2 34



Capacity Planning Problem

Machine shop obtaining new presses and lathes.

Marginal profitability: each press $100/day; each lathe $150/da
Resource constraints: $40,000 budget, 200 sq. ft. floor space.
Machine purchase prices and space reguirements:

Required
Machine Floor Space(ft.?) Purchase Price

Press 15 $8,000

Lathe 30 4.000




Capacity Planning Problem

X, = number of pressegsurchased
X, = number of lathepurchased

Integer Programming Model:

Maximize Z = $100% $150x%
subject to:
$8,000x% + 4,000% ¢ $40,000
15x + 30% ¢ 200 ft2
X1, %2 0 and integer



Facility Selection Problem

Recreation facilities selection to maximize daily usage by

residents.

Resource constraints: $120,000 budget; 12 acres of land.

Selection constraint: either swimming pool or tennis center (not
both).

Recreation Expected Usage Land Requirement
Facility (people/day) Cost ($) (acres)
Swimming pool 300 35,000 4
Tennis Center 90 10,000 2
Athletic field 400 25,000 7
Gymnasium 150 90,000 3




Facility Selection Problem

X; = construction of a swimming pod if constructed, O otherwise)
X, = construction of a tennis center

X3 = construction of an athletic field

X, = construction of a gymnasium

0-1 Integer Programming Model:
Maximize Z = 30Q» 90x% + 400x% + 150x
subject to:
$35,000% + 10,000x+ 25,000+ 90,000x¢ $120,000
dx, + 2%+ %+ 3% ¢ 12 acres
X; + % ¢ 1 facility
X{, Yo, X5, % = 00rl



Investment Analysis Problem

1 $250,000 available for investments providing greatest return
after one year.

1 Data:

A Condominium cost $50,000/unit; $9,000 profit if sold after
one year.

A Land cost $12,000/ acre; $1,500 profit if sold after one year

A Municipal bond cost $8,000/bond; $1,000 profit if sold after
one year.

A Only 4 condominiums, 15 acres of land, and 20 municipal
bonds available.



Investment Analysis Problem

X, =# of condominiums purchasefnteger)
X, = acres of land purchas¢dontinuous)
X3 =# ofbonds purchase@nteger)

Mixed Integer Programming Model:
Maximize Z = $9,000x 1,500x+ 1,000x
subject to:

50,000% + 12,000x + 8,000% ¢ $250,000
X; ¢ 4 condominiums
X, ¢ 15 acres
X3 ¢ 20 bonds
X2 0
X1, %2 0 and integer



Capital Budgeting@roblem

I University bookstore expansion project.

I Not enough space available for both a computer department ant
clothing department.

NPV Return Project Costs per Year ($1000)

Project

($1,000s) 1 2 3
1. Web site $120 $55 $40 $25
2. Warehouse 85 45 35 20
3. Clothing department 105 60 25 --
4. Computer department 140 50 35 30
5. ATM machine 75 30 30 --

Available funds per year 150 110 60




Capital Budgeting@roblem

X; = selection of web site project

X, = selection of warehouse project

X3 = selection clothing department project

X, = selection of computer department project

X = selection of ATM project

xI' M AT LINR2SOU aré Aa asStsSoi

Maximize Z = $120x% $85x + $105% + $140% + $70%
subject to:
55% + 45% + 60x% + 50x% + 30% ¢ 150
40x, + 35% + 25% + 35% + 30% ¢ 110
25% + 20% + 30% ¢ 60
X3+ % ¢C1
x=0o0r1l



Fixed Charge Facility Location Problem

Which of six farms should be purchased that will meet current
production capacity at minimum total cost, including annual
fixed costs and shipping costs?

Available Plant ($/ton shipped)
Plant Capacity A B C
(tons,1000s) Farm
A 12
A 10 1 |18 15 12
C 14 2 |13 10 17
Farms | Annual Fixed Projected Annual 3 16 14 18
Costs Harvest (tons, 1000s) 4 19 15 16
($1000)
1 405 11.2 o 17 19 12
2 390 10.5 6 |14 16 12
3 450 12.8
4 368 9.3
5 520 10.8
6 465 0.6




Fixed Charge Facility Location Problem

y, = 0 if farm i is not selected, and 1 if farm i is selected; i1=1,2,3,4,5,6
X;; = potatoes (1000 tons) shipped from farm | to plant J; j=A,B,C.

Minimize Z = 18X+ 15X g+ 12X o+ 13X,0+ 10X5+ 17X+ 16X55+ 14X55
+18X5ct+ 19X, 0+ 15X,5+ 16X,ct 17 Xspt 19Xsg+ 12X+ 14Xgp
+ 16Xggt+ 12X5-+ 405y, + 390y,+ 450y,+ 368y,+ 520y:+ 465y,

subject to:
Xip + Xig + X1c - 11.2y, OO0 Xop + Xop + Xoc -10.5y, OO0
Xap + Xgg + Xgc - 12.8y5; OO0 Xgp T Xqp + X4c - 9.3y, OO0
Xsp + Xeg + Xsc - 10.8y: OO0 Xgp T Xgg T Xgc - 9.6y OO0

Xia + Xop T Xgp + Xgp + Xgp + Xgp = 12
Xig * Xop + Xzg + Xyg + Xgg + Xgg = 10
Xic + Xoc + Xzt X4 + X5 + Xge =14

x; O0 y,=0or1
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Set Covering Problem

APS wants to construct the minimum set of new hubs in these
twelve cities such that there is a hub within 300 miles of every cit

Cities

. Atlanta

. Boston

. Charlotte

. Cincinnati

. Detroit

. Indianapolis
. Milwaukee

. Nashville

. New York

. Pittsburgh
. Richmond
. St. Louis

Cities within 300 miles
Atlanta, Charlotte, Nashville
Boston, New York
Atlanta, Charlotte, Richmond
Cincinnati, Detroit, Indianapolis, Nashville, Pittsburgh
Cincinnati, Detroit, Indianapolis, Milwaukee, Pittsburgh
Cincinnati, Detroit, Indianapolis, Milwaukee, Nashville, St. Lol
Detroit, Indianapolis, Milwaukee
Atlanta, Cincinnati, Indianapolis, Nashville, St. Louis
Boston, New York, Richmond
Cincinnati, Detroit, Pittsburgh, Richmond
Charlotte, New York, Pittsburgh, Richmond
Indianapolis, Nashville, St. Louis




Set Covering Problem
X = 0 If city is not selected as a hub and 2 ifitisi=11to 12

Minimize Z = x+ %+ X%+ %+ %+ X%+ X% +%+ %+ X0+ X1+ %,
subject to: Atlanta: X+ X%+ X2 1 (covering constraints)

Boston: Xo + %9 21

Charlotte: X;+X%+X%,21

Cincinnati: X+ X%+ %+ X%+ X%,2 1

Detroit: Xg+ %+ X%+ X%+X%,2 1

Indianapolis: X, + X%+ X%+ X% +X%+Xx,21

Milwaukee: X;+ X%+ %21

Nashville: Xp+ X%+ X%t x+X%,21

New York: X, + X+ x,2 1

Pittsburgh: X, + %+ xo+x;2 1

Richmond: X3+ X%+ Xo+tX:% 1

St Louis: X+ %+ %,2 1

Xj=0orl



Taskforce Planning Problem

Textbook company developing two new regions.
Planning to transfer some of its 10 salespeople into new regions.
Average annual expenses for sales person:

5 Region } $10,000/salesperson
5 Region 2 $7,000/salesperson

Total annual expense budget is $72,000.
Sales generated each year:

5 Region 1 $85,000/salesperson
5 Region 2 $60,000/salesperson

How many salespeople should be transferred into each region in ord
to maximize increased sales?



Taskforce Planning Problem

Formulate the Integer Programming Model
X;, X% :# of employees transferred to region 1 and 2.
Maximize Z = $85,000x 60,000x%
subject to:
X; + % ¢ 10 salespeople
$10,000x + 7,000% ¢ $72,000 expense budget
X1, %2 0, andinteger



Other Examples

Scheduling Interrelated Activities

Should a certain activity begin in a certain time period?

| if ves

Its decision variable = {D if no.

Airline Applications

Should a certain type of airplane be assigned to a certain flight leg?

1 if ves

Its decision variable = { 0 i o,

Should a certain sequence of flight legs be assigned to a crew?

1 if ves

Its decision variable = { 0 i o,

21



Innovative Uses of Binary Variables ir
Model Formulation

Either-Or Constraints

Either 3x; + 2x, = 18
or X + 4dx, = 16,

l.e., at least one of these two inequalities must hold but not necessarily both.

Eith 35, + 2x, = 18
et 0+, =16+M > 3, + 2x, = 18 + My

3, 42 =184+ M r +4dx =16 + M(l — v).
or

X + "i.]:: = 16.

Because the auxiliary variable v must be either (0 or 1, this formulation guarantees that
one of the original constraints must hold while the other is, in effect, eliminated.

22



Innovative Uses of Binary Variables ir
Model Formulation

K out of N Constraints Must Hold

filxy, xa, oo x0) = d) filxy, X2, ... L X0) = dy + My,
f’_r{.1'|,l'1,...4.l'ﬂ:} Eﬂr: ﬁ fﬂ{.l'hfz,... ﬂ:]'—ﬂr:‘l‘M\':
falxy, X2, ..., X0) = dy. fow(xy, X2, ... LX) = dy + Myy

N

Z Y= N — 'F::-

i—=1

and
y; 18 binary, fori=1,2,....N.
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Innovative Uses of Binary Variables ir
Model Formulation

Functions with N Possible Values

Axy, X2, .00 x0) = dy or

[

One special case is where this function is
 Xa) = . apx;,

o EE)

cxl +2x=6 or 12 or 13\

3.]:[ - 1]:2 =6}'] + 12_}-'2 - .I-E}'3
ity t+y =1

and

\ ¥1. ¥2. ¥; are binary.

f{-x'l.'l X2y 2 a

/

ffi;--w

and

or dy.

hr
f{-xh X2y o o :--Tr]} - 2 df.}rl'
‘-
N

> yi=1

i=-1

¥; is binary, fori=1,2,...

24



Innovative Uses of Binary Variables ir
Model Formulation

The Fixed-Charge Problem

i
Minimize — Z= > (ci + ky)).

il
ki + cix; if x; =0
fi(xj) = .f.l - ifI‘r_ —0 > subject to
‘r -

the original constraints, plus
Xi— My, =0

and

¥; 1s binary, forj=1,2....,n
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Innovative Uses of Binary Variables ir
Model Formulation

Binary Representation of General Integer Variables

O0=x=u

and if N is defined as the integer such that then the binary representation of x is

EHEH":EN-F], N -
x= Z 2.
i=

26



Innovative Uses of Binary Variables ir

Model Formulation

Binary Representation of General Integer Variables

For example, suppose that an IP problem has just two general integer variables x; and
1, along with many binary variables. Also suppose that the problem has nonnegativity
constraints for both x; and x> and that the functional constraints include

X = 5
23 + 3x = 30.

These constraints imply that 4 = 5 for x; and u = 10 for x,, so the above definition of N
gives N = 2 for x; (since 2° = 5 < 2%) and N = 3 for x, (since 2° = 10 < 2*). Therefore,
the binary representations of these variables are

X =vp+ 2y + 4y,

X3 = ¥3 + 2ys + 4ys5 + 8.
After we substitute these expressions for the respective variables throughout all the functional
constraints and the objective function, the two functional constraints noted above become

yo + 2y + 4y = 5
2yg + 4y + Bya + 3vz + 6y + 12ys + 24y = 30.

27



Some Formulation Examples

Example 1

w The GOOD PRODUCIEthas developedhree possible new
products.

¢ Restriction 1. From the three possible new productt,most two
should be choseto be produced.

w Each of these products can be produced in either of two
plants.

¢ Restriction 2: Just one of the two plants should be chosen to be the
sole producerof the new products.

TABLE 12.2 Data for Example 1 (the Good Products Co. problem)

Production Time Used
for Each Unit Produced Production Time
Available
Product 1 Product 2 Product 3 per Week
Plant 1 3 hours 4 hours 2 hours 30 hours
Plant 2 4 hours & hours 2 hours 40 hours

Unit profit 5 ) 3 (thousands of dollars)

Sales potential 7 5 9 (units per week) 28



Some Formulation Examples

Example 1

w In some ways, this problem resembles a stangqaatiuct mix
problemsuch as th&Vyndor Glass Co.

w If there were no additional restrictions, we would model it

like: Maximize Z =51, + Tx; + 3x,.
subject to
3x; + dxy + 2x3 = 30
dx; + 6x; + 2x; = 40
X = 7
X2 = 3
X3 = 9

.:l.-] = '[::_ _1': = ':]', _1;'3 = D.
w How about the two restrictions?

29



Some Formulation Examples

Formulation with Auxiliary Binary Variables.
v — | if x; > 0 can hold (can produce product j) forj=1, 2, 3.
g 0 if x; = 0 must hold (cannot produce product j).
Maximize L =5x; + Txs + 3x3,
subject to
X =7
=5
I3 = Q
‘Il - M_}’| = D
X — M}g = (]
X3 — M_}_‘Jr = (]

Vity+ty=1
311+4IE+1I3_M_}’_153D
dg +éon +2a+Muy=40+ M

and

xn =0, x =10, =0
¥; is binary, forj=1.2.3. 4.

30



Some Formulation Examples

Example 2

w The SUPERSUDS CORPORATION is developing marketing
¢ For 3products, purchasé TV spots for commercials

w Allocate the spots to these products, with a maximum of
three spots (and a minimum of zero) for each product.

TAELE 12.3 Data for Example 2 (the
Supersuds Corp. problem)

Profit
Product
Mumber of
TV Spots 1 F. 3
0 0 0 0
1 1 0 -1
2 3 . 2
3 3 3 4

31



Some Formulation Examples
Example 2, One Formulation

let x;, X7, x3 be the number of TV prtf. allocated to the respective products.

Now see what happens when we introduce an auxiliary binary variable y;; for each
positive integer value of x; = j (j = 1, 2, 3), where y;; has the interpretation

LU =
U 0 otherwise.

(For example, y3; = (), y22 = 0, and v23 = | mean that x; = 3.) The resulting linear BIP
model is

Maximize L=y + 3y + 3vis + 2ypn + 3yps — ¥y + 2yp + dyas,
subject to
Yu+yzt+tya=l
Vo1 + Y2 + ¥ =1

Yar + yaz + ya3 = 1
yu+t2viz+3va+ya+ 2y + 3y vy + 2y + 3z =35

and

each v;; is binary.
Yij ary 39



Some Formulation Examples
Example Z Another Formulation

let x;, X7, x3 be the number of TV prtf. allocated to the respective products.

1 if x; =
Yij 0 otherwise.

Maximize £=1y + 2vjz + 2¥p + ¥23 — V31 + I¥gp + 2ys;,
subject to

Yiz =¥y =0

Viz— Yz =10

Yy —yn=>0

Yoz — ¥ =0

Viz — ¥y =0

Viz — ¥z =10

Yu+t ¥+ ¥+t ¥ T ¥ ¥t ¥y ¥ty =35

and

each y;; is binary.

33



Some Formulation Examples
Example Z Another Formulation

FIGURE 12.1

The profit from the
additional sales of product 1
that would result from x,
TV spots, where the slopes
give the corresponding
coefficients in the objective
function for the second BIP
formulation for Example 2
(the Supersuds Corp.
problem).

A

Profit from product 1 = 1y + 2y + Oyvys

34



Some Formulation Examples

Example 3 (Set covering)

w SOUTHWESTERN AIRWAYS needs to assign its crews to cover all its
upcoming flights.

w We will focus on the problem of assigning three crews based in San
Francisco to thdlights listed in the first column of Table 12.4.

w Exactly three of the sequences need to be chosen (one per crew) in such
away that every flight is covered.

TABLE 12.4 Data for Example 2 (the Southwestern Alrways problem)

Feasible Sequence of Flights
Flight 1 2 3 4 5 & 7 8 9 10 11 12
1. 5an Francisco to Los Angeles | 1 1 1 1
2. 5an Francisco to Denver 1 1 1 1
3. San Francisco to Seattle 1 1 1 1
4. Los Angeles to Chicago 2 2 3 2 3
5. Los Angeles to 5an Francisco | 2 3 5 5
6. Chicago to Denver i 3 4
/. Chicago to Seattle 3 3 3 3 4
8. Denver to 5an Francisco 2 4 4 5
9. Denver to Chicago 2 2 2
10. Seattle to S5an Francisco 2 4 4 5
11. Seattle to Los Angeles 2 2 - 4 2
Cost, §1,000% 2 3 4 & 7 5 7 8 9 9 8 9 35




Some Formulation Examples

Example 3

if sequence j 15 assigned to a crew

otherwise.

Minimize £=2x; + 3x; + 4dx; + 6xy + Txs + Sx + Tx; + 8xg + 93

+ Oxyp + 8x17 + 9149,

subject to

ntxt+txtrg=I1
n+xs+xg+a=1

I3+ xg+x+xg=1
Xyt +x+x, ;=1
Ntxtripgta=1

Xg + x5 + 19 =1

X+ xgtaxptaxg =l
X +xg+ x5 +Hxg=1

s +xg +x =1

X3+ x+xg +Hx=1

X txgtxp+taxg =1

and

(SF to LA)

(SF to Denver)

(5F to Seattle)

(LA to Chicago)
(LA to SF)
(Chicago to Denver)
(Chicago to Seattle)
{(Denver to SF)
(Denver to Chicago)
(Seattle to SF)
(Seattle to LA)

(assign three crews)

X; is binary, forj=1,2,..., 1%

36



Integer Programming Example
Solution of Machine Shop Model

Maximize Z = $10Qx $150x% Xe
subject to: 6l
8,000x + 4,000%x¢ $40,000 al
15x, + 30% ¢ 200 ft?
X,, %2 0and integer 12r
10 | (x,=1, x,=6, z=1,000)

Optimal Solutionof LP
Z = $1,055.56
X, = 2.22 presses
X, = 5.55 lathes

(x,=2, x, =5, z=950)

Objective function

o N A OO

I
2 4 6 8 10 12 14 16 X,




Integer Programming Example
Solution of Machine Shop Model

I Rounding noninteger solution valuedo the nearestinteger
value can result in amfeasible solution
X, = 2.22 presses 2
X, = 5.55 lathes- 6
15x% + 30% ¢ 200
15(2) + 30(6) = 218 Violates constrainth Infeasible

I Afeasible solution is ensured by rounding dowon-integer
solution values but may result in a less than optifsal:
optimal) solution.

X, = 2.22 presses 2
X, = 5.55 lathes- 5
Z = 950. But there is a better solutiomt,(=1 andx, =6).



Some Perspectives for IP

Maximize 7= The rounded solutions
- x4 are not feasible
subject to
n+irn= !
—x ==
2 1
1
Il+1253i
and 3
[51.2]'
IIE{}, IEEG

X1, X7 are integers.




Some Perspectives for IP

Mﬂxjjﬂjlﬂ' E = .I| + .5.1'1,

subject to
x + 10x, = 20 x4 _
X = 2 1e Optimal [P solution
and
x =10, n=10 Optimal snlutirun for
Xy, X2 are integers. ——-3 the LP relaxation
7
________i 10 =._.'rj "
|
“H‘""*Ruunda:l solution
& -
0 3 X)

4u



Some Perspectives for IP

w Because of these two pitfalls, a better approach for dealing
with IP problems that areoo large to be solved exactly is to
use one of the availableeuristic algorithms

¢ Extremely efficient for large problems

¢ Not guaranteed to findan optimal solution.

¢ Considerably more effective than theunding
w Metaheuristics

¢ Tabu searchexplores promising areas to hold good
solutions by rapidly eliminating unpromisiageas that are
classified as tabu

¢ Simulated Annealingzonducts the search hysing the
analog of a physical annealing process

¢ Genetic Algorithmsurvival of the fittest through natura4|1
evolution



Branch and Bound Method (B&B)

w Enumeration procedure based on divida-conquer idea.
w Divide large problems into smaller problems

¢ Dividing:Branchingg partitioning the entire feasible
solution set into smaller subsets

¢ ConqueringFathomingg done partially byooundinghow
good the best solution in the subset can be, discarding the
subset If its bound indicates that it cannot possibly contair
an optimal solution

42



Prototype Example: BFBranching

Maximize £ =9x; + 3x; + 6x; + 4dx,, Variable: x

subject to o

(1) 6+ 34+ 50+ 2= 10
[EJ A3 + X4 = 1
(3) —x + X3 = ()
(4) —X2 + 3= 0

. o

(5) X; is binary, forj=1,2 3,4

Subproblem 1: Sftbpmbtem 2: _
Fix x; = 0 so the resulting subproblem is Fix x; = 1 so the resulting subproblem is
Maximize Z = 5x; + 6x; + 4dxy, Maximize £ =10+ 517 + 63 + 4y,
subject to subject to
(1) 3x, + 53+ 2, = 10 (1) 3x;+S5ut+n=4
(2) Bt x= 1 (2) Bt =1
(3) X3 = 0 (3) X3 = |
[4.:| —X2 + X4 = 0 {4:} _-1_'1 + Xy = -D
(5)  xjisbinary.  forj=2.3, 4 (5)  xjis binary,  forj=2,3, 4.

43



Prototype Example: Bounding

Maximize £ =9x; + 5x; + 6x; + dxy,

subject to
[1] ﬁIl+3Ig+5.I}+1I45 10
[EJ X3 + X4 = 1
[3] —Xj - I3 =
(4) —X2 + 3= 1
and

(5) X 1s binary, forj=1, 2, 3, 4.

LP relaxation is obtained by replacing the last line of the model (x; is binary, for j = 1,
2. 3, 4) by the constraints that x; = 1 and x; =0 for j = 1. 2, 3, 4. Using the simplex
method to quickly solve this LP relaxation yields its optimal solution

3

(X1, X7, X3, X4) = (E’ 1,0, 1). with £ = IE%.

Bound for whole problem: Z =16

44



Prototype Example: Bounding

LP relaxation of subproblem 1: (X1, X2, X3, x4) = (0, 1,0, 1) with Z = 9,

LP relaxation of subproblem 2: (X), X7, X3, Xy) = (I, %, 0, %) with Z = IE%.

Bound for subproblem 1: £ =09,
Bound for subproblem 2: Z = 16.

Vanable: X

9
(0, 1.0, 1)

(1L.203) 45



Prototype Example: Fathoming

w A subproblem can be fathomed in three ways:

1. LP relaxation of the subproblem gives an integer solutior
so we do not need to branch further, the subproblem is

solved optimally

Varnable:

Variable: X1

40



Prototype Example: Fathoming

w A subproblem can be fathomed in three ways:
HO DSYSNIftfteé | adzoLINRPOf SY
EXx. Since Z*=9, there is no need to consider any solutior
whose bound is below 9.

Variable: X1
(o) F3
-
. Q=7%
/ (0, 1.0, 1) =[incumbﬂnt]

LAl
\/\,

16 47




Prototype Example: Fathoming

w A subproblem can be fathomed in three ways:

o LT | adzoLINROEtSYQa [t N
then thesubproblemitself musthave no feasible
solutions, so it can be dismissed (fathomed).

Summary of Fathoming Tests. A subproblem is fathomed (dismissed from further
consideration) 1f

Test 1: Its bound = Z*,

or

Test 2: Its LP relaxation has no feasible solutions,

or

Test 3: The optimal solution for its LP relaxation is integer. (If this solution is better
than the incumbent, it becomes the new incumbent, and test 1 is reapplied to all unfath-
omed subproblems with the new larger Z*.)

48



Branch and Bound Algorithm for BP
Summary

Initialization: Set Z* = —=, Apply the bounding step, fathoming step, and op-
timality test described below to the whole problem. If not fathomed, classify this

problem as the one remaining “subproblem™ for performing the first full itera-
tion below.

Steps for each iteration:

1. Branching: Among the remaining (unfathomed) subproblems, select the one that was
created most recently. (Break ties according to which has the larger bound.) Branch
from the node for this subproblem to create two new subproblems by fixing the next
variable (the branching variable) at either 0 or 1.

2. Bounding: For each new subproblem, obtain its bound by applying the simplex method
to its LP relaxation and rounding down the value of Z for the resulting optimal solution.

3. Fathoming: For each new subproblem. apply the three fathoming tests summarized
above, and discard those subproblems that are fathomed by any of the tests.

Optimality test: Stop when there are no remaining subproblems; the current in-
cumbent is optimal.! Otherwise, return to perform another iteration.
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Prototype Example continuedliteration 2

@mﬂem 3:

Fix x; = 1, x, = 0 so the resulting subproblem is

Maximize Z =9 + 6x3 + dxa,

_ subject to
Variable: X
(1) 5x3+ 2%, =4
F(3) 2) it ox=1
Q= 7% (3) X3 =1

(0,1, 0. 1) = incumbent

(4) x, =0
(5) x; 1s binary, for j = 3, 4. J

@prabiem 4:
Fix x, = 1, x, = 1 so the resulting subproblem is

Maximize Z =14 + 6x3 + 4xa4.
subject to

(1) 5.1'3 + 1174
(2) X3 + Xa

(3) X3

\(5) x;is binary,  forj =3, 4. )g
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—
e
R

&




Prototype Example
@ur@b!&m 3:

Fix x; = 1, x, = 0 so the resulting subproblem is
Maximize £ =9+ 6x3 + 4xy4,
subject to
(1) Sx;+2x, =4
(2) X3+ xy =1
(3) X3 =1
(4) x, =0
(5) x; 1s binary, for j = 3, 4. /

@probiem 4:

Fix x, = 1, x, = 1 so the resulting subproblem is
Maximize Z =14 + 6x; + 4x,,

subject to
(1) Sxy+2xy=1
(2) X3+ =1
(3) X3 =1
(4) x =1

\ (5)  xisbinary,  forj =3, 4, /

continueglteration 2

:> LP relaxation of subproblem 3:

(X1, X2, X3, Xq) = (l, 0, %, l']) with Z = ]3%,
Bound for subproblem 3: Z =13,

Cannot fathom.

LP relaxation of subproblem 4:

(X1, X2, X3, X4q) = (1, 1,0, %) with Z = 16.

Bound for subproblem 4: Z = 16.

Cannot fathom.
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Prototype Example continuedliteration 2

Resulting solution tree after iteration 2:

FIGURE 12.7 Variable: X X2
The solution tree after N

iteration 2 of the BIP branch- 0 | F(3)

and-bound algorithm for the 5

example in Sec. 12.1. /
All

(0, 1,0, 1) = incumbent
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Variable:

Prototype Example continuedteration 3

Q=7%
(0, 1. 0. 1) = incumbent

X2

Subproblem 5:

Fix x; = 1, x, = 1, x3 = 0 so the resulting subproblem is
Maximize Z =14 + 4x,,
subject to
(1) 2x, = 1
(2), (4) =1 (twice)
\ (3) X, 1s binary. J

(X1, X2, X3, X4) = (1, 1,0, %) with Z = 16.

—

/ Subproblem 6:
Fix x, = 1, x, = 1, x5y = 1 so the resulting subproblem is

Maximize L =20+ 4xy,
subject to

(1) 2x, = —4

(2) xp2= 0

(4) xp= 1

X4 1s binary. j

No feasible solutions.
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Prototype Example continuedliteration 3

Resulting solution tree after iteration 3:
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