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Integer Programming (IP)

ωIn many practical applications, the decision variables 
need to take integer values instead of continuous.

ωIf we remove the assumption of divisibilityfrom an 
LP, we get an IP.

ωIf only some variables are integer, the problem is 
Mixed Integer Programming (MIP), otherwise it is a 
pure IP.

ωWyndor Glass Co. Example would be a pure IP 
problem if x1 and x2 represented the total number of 
products produced instead of production rates.
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Integer Programming (IP)

ωIf there is a yes/no decision for a variable (only two 
choices), the variable is a binary variableor a 0-1 
variable. 

ωAn IP problem with only binary variables is a binary 
integer programming (BIP) problem. 
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Prototype Example

ωCALIFORNIA MANUFACTURING Co. is considering to build a 
new factory in Los Angeles or San Francisco, or both.

ωIt is also considering to build at most one warehouse in the 
same city as the factory.

ωObjective: Find a combination of alternatives with the given 
budget that maximizes the total net present value.
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Prototype Example

ωThe company wants at most one warehouse Ą x3 and x4 are 
mutually exclusive alternatives. (Only one can be yes)

ωThe company will have a warehouse where a factory is 
present Ą x3 and x4 are contingent decisions. (Their answer 
ǿƛƭƭ ŘŜǇŜƴŘ ƻƴ ƻǘƘŜǊ ǾŀǊƛŀōƭŜΩǎ ǾŀƭǳŜǎύ
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Prototype Example

ωAll variables are binary:



 

 
Machine 

Required  
Floor Space (ft.2) 

 
Purchase Price 

Press 
 
Lathe 

15 
 

30 

$8,000 
 

4,000 

 
 

Capacity Planning Problem

ʴMachine shop obtaining new presses and lathes.

ʴMarginal profitability: each press $100/day; each lathe $150/day.

ʴResource constraints: $40,000 budget, 200 sq. ft. floor space.

ʴMachine purchase prices and space requirements:



x1 = number of pressespurchased
x2 = number of lathespurchased

Integer Programming  Model:

Maximize Z = $100x1 + $150x2

subject to:

$8,000x1 + 4,000x2¢$40,000

15x1 + 30x2¢200 ft2

x1, x2²0 and integer

Capacity Planning Problem



ʴRecreation facilities selection to maximize daily usage by 

residents.

ʴResource constraints: $120,000 budget; 12 acres of land.

ʴSelection constraint: either swimming pool or tennis center (not 
both).

 

 
Recreation 

Facility 

Expected Usage 
(people/day) 

 
Cost ($) 

Land Requirement 
(acres) 

Swimming pool 
Tennis Center 
Athletic field 
Gymnasium 

300 
90 
400 
150 

35,000 
10,000 
25,000 
90,000 

4 
2 
7 
3 

 

Facility Selection Problem



x1 = construction of a swimming pool(1 if constructed, 0 otherwise)
x2 = construction of a tennis center
x3 = construction of an athletic field
x4 = construction of a gymnasium

0-1 Integer Programming Model:

Maximize Z = 300x1 + 90x2 + 400x3 + 150x4

subject to: 

$35,000x1 + 10,000x2 + 25,000x3 + 90,000x4¢$120,000

4x1 + 2x2 + 7x3 + 3x4¢12 acres

x1 + x2¢1 facility

x1, x2, x3, x4  =  0 or 1

Facility Selection Problem



ʴ$250,000 available for investments providing greatest return 
after one year.

ʴData: 

ÁCondominium cost $50,000/unit; $9,000 profit if sold after 
one year.

ÁLand cost  $12,000/ acre; $1,500 profit if sold after one year.

ÁMunicipal bond cost $8,000/bond; $1,000 profit if sold after 
one year.

ÁOnly 4 condominiums, 15 acres of land, and 20 municipal 
bonds available.

Investment Analysis Problem



x1 = # of condominiums purchased(integer)
x2 = acres of land purchased(continuous)
x3 = # of bonds purchased(integer)

Mixed Integer Programming Model:

Maximize Z = $9,000x1 + 1,500x2 + 1,000x3

subject to:

50,000x1 + 12,000x2 + 8,000x3¢$250,000
x1¢4 condominiums
x2 ¢15 acres
x3¢20 bonds 
x2 ²0
x1, x3²0 and integer

Investment Analysis Problem



ʴUniversity bookstore expansion project.

ʴNot enough space available for both a computer department and a 
clothing department.

 

Project 
NPV Return 

($1,000s) 
Project Costs per Year ($1000) 

1                 2                 3 

1. Web site 
2. Warehouse 
3. Clothing department 
4. Computer department 
5. ATM machine 
 
Available funds per year 

$120 
85 

105 
140 
75 

$55 
45 
60 
50 
30 

 
150 

$40 
35 
25 
35 
30 

 
110 

$25 
20 
-- 

30 
-- 

 
60 

 

 

Capital BudgetingProblem



x1 = selection of web site project
x2 = selection of warehouse project
x3 = selection clothing department project
x4 = selection of computer department project
x5 = selection of ATM project
xi Ґ м ƛŦ ǇǊƻƧŜŎǘ άƛέ ƛǎ ǎŜƭŜŎǘŜŘΣ л ƛŦ ǇǊƻƧŜŎǘ άƛέ ƛǎ ƴƻǘ ǎŜƭŜŎǘŜŘ

Maximize Z = $120x1 + $85x2 + $105x3 + $140x4 + $70x5
subject to: 

55x1 + 45x2 + 60x3 + 50x4 + 30x5¢150
40x1 + 35x2 + 25x3 + 35x4 + 30x5¢110
25x1 + 20x2 + 30x4¢60

x3 + x4¢1
xi = 0 or 1 

Capital BudgetingProblem



 

 
Plant 

Available 
Capacity 

(tons,1000s) 

A 
B 
C 

12 
10 
14 

 

 
 

Farms Annual Fixed 
Costs 

($1000) 

Projected Annual 
Harvest (tons, 1000s) 

1 
2 
3 
4 
5 
6 

405 
390 
450 
368 
520 
465 

11.2 
10.5 
12.8 
  9.3 
10.8 
  9.6 

 

 

 

 
Farm 

Plant ($/ton shipped) 

 A        B         C 

1 
2 
3 
4 
5 
6 

18       15        12 
13       10        17 
16       14        18 
19       15        16 
17       19        12 
14       16        12 

 

 

Which of six farms should be purchased that will meet current 
production capacity at minimum total cost, including annual 
fixed costs and shipping costs?

Fixed Charge Facility Location Problem



yi = 0 if farm i is not selected, and 1 if farm i is selected; i = 1,2,3,4,5,6

xij = potatoes (1000 tons) shipped from farm I to plant j; j = A,B,C.

Minimize Z = 18x1A+ 15x1B+ 12x1C+ 13x2A+ 10x2B+ 17x2C+ 16x3A+ 14x3B

+18x3C+ 19x4A+ 15x4B+ 16x4C+ 17x5A+ 19x5B+12x5C+ 14x6A

+ 16x6B+ 12x6C+ 405y1+ 390y2+ 450y3+ 368y4+ 520y5+ 465y6

subject to:

x1A + x1B + x1C - 11.2y1 Ò0 x2A + x2B + x2C -10.5y2 Ò0

x3A + x3B + x3C - 12.8y3 Ò0 x4A + x4B + x4C - 9.3y4 Ò0

x5A + x5B + x5C - 10.8y5 Ò0 x6A + x6B + x6C - 9.6y6 Ò0

x1A + x2A + x3A + x4A + x5A + x6A = 12

x1B + x2B + x3B + x4B + x5B + x6B = 10

x1C + x2C + x3C + x4C + x5C + x6C = 14

xijÓ0                 yi = 0 or 1

Fixed Charge Facility Location Problem



Cities Cities within 300 miles
1. Atlanta Atlanta, Charlotte, Nashville
2. Boston Boston, New York
3. Charlotte Atlanta, Charlotte, Richmond
4. Cincinnati Cincinnati, Detroit, Indianapolis, Nashville, Pittsburgh
5. Detroit Cincinnati, Detroit, Indianapolis, Milwaukee, Pittsburgh
6. Indianapolis Cincinnati, Detroit, Indianapolis, Milwaukee, Nashville, St. Louis
7. Milwaukee Detroit, Indianapolis, Milwaukee
8. Nashville Atlanta, Cincinnati, Indianapolis, Nashville, St. Louis
9. New York Boston, New York, Richmond

10. Pittsburgh Cincinnati, Detroit, Pittsburgh, Richmond
11. Richmond Charlotte, New York, Pittsburgh, Richmond
12. St. Louis Indianapolis, Nashville, St. Louis

APS wants to construct the minimum set of new hubs in these 
twelve cities such that there is a hub within 300 miles of every city:

Set Covering Problem



xi = 0 if city is not selected as a hub and xi = 1 if it is.i = 1 to 12

Minimize Z = x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + x10 + x11 + x12

subject to: Atlanta: x1 + x3 + x8²1 (covering constraints)
Boston: x2 + x10 ²1
Charlotte: x1 + x3 + x11²1
Cincinnati: x4 + x5 + x6 + x8 + x10²1
Detroit: x4 + x5 + x6 + x7 + x10²1
Indianapolis: x4 + x5 + x6 + x7 + x8 + x12²1
Milwaukee: x5 + x6 + x7²1
Nashville: x1 + x4 + x6+ x8 + x12²1
New York: x2 + x9+ x11²1
Pittsburgh: x4 + x5 + x10 + x11²1
Richmond: x3 + x9 + x10 + x11²1
St Louis: x6 + x8 + x12²1              

xij = 0 or 1         

Set Covering Problem



ʴ Textbook company developing two new regions.

ʴ Planning to transfer some of its 10 salespeople into new regions.

ʴ Average annual expenses for sales person:

ʶRegion 1 - $10,000/salesperson
ʶRegion 2 - $7,000/salesperson

ʴ Total annual expense budget is $72,000.

ʴ Sales generated each year:

ʶRegion 1 - $85,000/salesperson
ʶRegion 2 - $60,000/salesperson 

ʴ How many salespeople should be transferred into each region in order 
to maximize increased sales?

Taskforce Planning Problem



Formulate the Integer Programming Model:

x1 , x2 : # of employees transferred to region 1 and 2.

Maximize  Z = $85,000x1 + 60,000x2

subject to:

x1 + x2¢10 salespeople

$10,000x1 + 7,000x2¢$72,000 expense budget

x1, x2²0, and integer

Taskforce Planning Problem
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Other Examples
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Innovative Uses of Binary Variables in 
Model Formulation
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Innovative Uses of Binary Variables in 
Model Formulation
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Innovative Uses of Binary Variables in 
Model Formulation
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Innovative Uses of Binary Variables in 
Model Formulation
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Innovative Uses of Binary Variables in 
Model Formulation
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Innovative Uses of Binary Variables in 
Model Formulation
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Some Formulation Examples
Example 1

ωThe GOOD PRODUCTS Co. has developedthree possible new 
products. 
ςRestriction 1: From the three possible new products, at most two 

should be chosento be produced.

ωEach of these products can be produced in either of two 
plants. 
ςRestriction 2: Just one of the two plants should be chosen to be the 

sole producerof the new products.
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Some Formulation Examples
Example 1

ωIn some ways, this problem resembles a standard product mix 
problem such as theWyndor Glass Co.

ωIf there were no additional restrictions, we would model it 
like:

ωHow about the two restrictions?
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Some Formulation Examples
Example 1
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Some Formulation Examples
Example 2

ωThe SUPERSUDS CORPORATION is developing marketing plans
ς For 3 products, purchase 5 TV spots for commercials 

ωAllocate the spots to these products, with a maximum of 
threespots (and a minimum of zero) for each product.
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Some Formulation Examples
Example 2 ςOne Formulation
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Some Formulation Examples
Example 2 ςAnother Formulation
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Some Formulation Examples
Example 2 ςAnother Formulation
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Some Formulation Examples
Example 3 (Set covering)

ω SOUTHWESTERN AIRWAYS needs to assign its crews to cover all its 
upcoming flights.

ω We will focus on the problem of assigning three crews based in San 
Francisco to theflights listed in the first column of Table 12.4.

ω Exactly three of the sequences need to be chosen (one per crew) in such 
a way that every flight is covered.
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Some Formulation Examples
Example 3



Integer Programming Example
Solution of Machine Shop Model

Maximize Z = $100x1 + $150x2
subject to:

8,000x1 + 4,000x2 ¢$40,000 
15x1 + 30x2 ¢200 ft2

x1, x2 ²0 and integer

Optimal Solutionof LP:
Z = $1,055.56
x1 = 2.22 presses
x2 = 5.55 lathes



ʴRounding non-integer solution values to the nearestinteger 
value can result in an infeasible solution.

x1 = 2.22 presses~ 2
x2 = 5.55 lathes~ 6
15x1 + 30x2 ¢200
15(2) + 30(6) = 210 ĄViolates constraint Ą Infeasible

ʴA feasible solution is ensured by rounding down non-integer 
solution values but may result in a less than optimal (sub-
optimal) solution.

x1 = 2.22 presses~ 2
x2 = 5.55 lathes~ 5
Z = 950. But there is a better solution! (x1 = 1 and x2 = 6).

Integer Programming Example
Solution of Machine Shop Model
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Some Perspectives for IP
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Some Perspectives for IP
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Some Perspectives for IP
ωBecause of these two pitfalls, a better approach for dealing 

with IP problems that aretoo large to be solved exactly is to 
use one of the available heuristic algorithms. 

ςExtremely efficient for large problems

ςNot guaranteed to findan optimal solution. 

ςConsiderably more effective than therounding

ωMetaheuristics

ςTabu search: explores promising areas to hold good 
solutions by rapidly eliminating unpromisingareas that are 
classified as tabu

ςSimulated Annealing: conducts the search byusing the 
analog of a physical annealing process

ςGenetic Algorithm: survival of the fittest through natural 
evolution
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Branch and Bound Method (B&B)

ωEnumeration procedure based on divide-on-conquer idea.

ωDivide large problems into smaller problems

ςDividing: Branchingςpartitioning the entire feasible 
solution set into smaller subsets

ςConquering: Fathomingςdone partially by boundinghow 
good the best solution in the subset can be, discarding the 
subset if its bound indicates that it cannot possibly contain 
an optimal solution
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Prototype Example: BP - Branching
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Prototype Example: Bounding
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Prototype Example: Bounding



46

Prototype Example: Fathoming

ωA subproblem can be fathomed in three ways:

1. LP relaxation of the subproblem gives an integer solution, 
so we do not need to branch further, the subproblem is 
solved optimally
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Prototype Example: Fathoming

ωA subproblem can be fathomed in three ways:

нΦ   DŜƴŜǊŀƭƭȅ ŀ ǎǳōǇǊƻōƭŜƳ ƛǎ ŦŀǘƘƻƳŜŘ ƛŦ ƛǘǎ ōƻǳƴŘ Җ ½ϝΦ 

Ex. Since Z*=9, there is no need to consider any solution 
whose bound is below 9.
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Prototype Example: Fathoming

ωA subproblem can be fathomed in three ways:

оΦ   LŦ ŀ ǎǳōǇǊƻōƭŜƳΩǎ [t ǊŜƭŀȄŀǘƛƻƴ Ƙŀǎ ƴƻ ŦŜŀǎƛōƭŜ ǎƻƭǳǘƛƻƴΣ 
then the subproblemitself musthave no feasible 
solutions, so it can be dismissed (fathomed).
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Branch and Bound Algorithm for BP
Summary



50

Prototype Example continued ςIteration 2
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Prototype Example continued ςIteration 2

Cannot fathom.

Cannot fathom.



52

Prototype Example continued ςIteration 2

Resulting solution tree after iteration 2:
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Prototype Example continued- Iteration 3
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Prototype Example continued ςIteration 3

Resulting solution tree after iteration 3:


